We analyze the longitudinal-transverse double-spin asymmetry in lepton-nucleon collisions where a single hadron is detected in the final state, i.e., ℓ N ↑ → h X. This is a subleading-twist observable in collinear factorization, and we look at twist-3 effects in both the transversely polarized nucleon and the unpolarized outgoing hadron. Results are anticipated for this asymmetry from both HERMES and Jefferson Lab Hall A, and it could be measured as well at COMPASS and a future Electron-Ion Collider. We also perform a numerical study of the distribution term, which, when compared to upcoming experimental results, could allow one to learn about the "worm-gear"-type functiong(x) as well as assess the role of quark-gluon-quark correlations in the initial-state nucleon and twist-3 effects in the fragmenting unpolarized hadron.
Introduction
Hadrons, the strongly interacting particles that comprise almost all of the visible matter in the universe, have been shown to possess a complex inner-structure that goes beyond a simple quark picture. For example, experimental results in the 1970s on transverse single-spin asymmetries (SSAs) [1] revealed the crucial role that quark-gluon-quark correlations could play in hadrons [2] [3] [4] . This is a consequence of the fact that such observables are twist-3 effects. Much work over the last 40 years has been performed in the study of transverse SSAs from both the experimental (see, e.g., [1, [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] ) and theoretical (see, e.g., [2] [3] [4] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] ) sides. In addition, one also has twist-3 double-spin asymmetries (DSAs), namely those where one particle is longitudinally polarized and the other is transversely polarized. We will denote these by A LT . The classic process for which this effect has been analyzed is A LT in inclusive deep-inelastic lepton-nucleon scattering (DIS). In that case the entire result can be written in terms of the collinear twist-3 function g T (x). Furthermore, this asymmetry has been studied in the Drell-Yan process involving two incoming polarized hadrons [38] [39] [40] [41] ; in inclusive lepton production from W -boson decay in proton-proton scattering [42] ; for jet production in lepton-nucleon collisions [43] ; and for direct photon production [44] , jet/hadron production [45] , and D-meson production [46] in nucleon-nucleon collisions.
In this paper we analyze A LT in lepton-nucleon collisions where a single hadron is detected in the final state, i.e., ℓ N ↑ → h X. Transverse SSAs in single-inclusive leptoproduction processes have received some theoretical attention lately [43, [47] [48] [49] due to recent experimental results from HERMES [11] and Jefferson Lab (JLab) Hall A [15] on these observables as well as the potential for COMPASS and a future Electron-Ion Collider (EIC) to make such measurements. Data on longitudinal-transverse DSAs in ℓ N ↑ → h X are also anticipated from HERMES [50] and JLab Hall A [51, 52] , and both COMPASS and an EIC [53, 54] could run such an experiment, too. This work is, therefore, a timely endeavor.
For the reaction considered, one can have twist-3 contributions from both the distribution (incoming nucleon) and the fragmentation (outgoing hadron) sides. We compute both of these as well as provide numerical results for the distribution term based on known non-perturbative inputs. As a consequence, one has the opportunity, through a comparison of this phenomenology with experiment, to learn about the "worm-gear"-type functiong(x) (defined in Sec. 2) as well as the role of quarkgluon-quark correlations in the nucleon and twist-3 effects in the fragmenting hadron. There has been quite some interest ing(x) over the years. From the experimental side, one can access a transverse momentum dependent (TMD) analogue ofg(x) (denoted g 1T (x, k 2 ⊥ )) 1 from the longitudinal-transverse cos(φ h − φ S ) azimuthal asymmetry in semi-inclusive deep-inelastic scattering (SIDIS). JLab Hall A obtained the first results on this asymmetry [55] and COMPASS also has preliminary data on this modulation [56] . From the theoretical side,g(x) has been looked at in a Wandzura-Wilczek (WW) -type approximation [43, 57, 58] , in spectator models [59, 60] , in quark models [61, 62] , and in Lattice QCD [63] . The analysis presented here can also contribute to our knowledge ofg(x).
The paper is organized as follows: in Sec. 2 we set up the framework of the calculation and outline the derivation of our result; in Sec. 3 we discuss our numerical study and show plots for HERMES, JLab, COMPASS, and EIC kinematics; finally in Sec. 4 we summarize our work. Some details on the frame-independence of our result is left for Appendix A.
Theoretical framework and result for the cross section
In this section we define the relevant non-perturbative twist-3 correlators and present some details of our computation of the leading-order (LO) double-spin dependent cross section for the process
where we will work in the lepton-nucleon center-of-mass (cm) frame with the nucleon moving along the +z-axis and the transverse momentum of the outgoing hadron, P h⊥ , along the +x-axis. The Mandelstam variables for the process are defined as S = (P + l) 2 , T = (P − P h ) 2 , and U = (l − P h ) 2 , which on the partonic level giveŝ = xS,t = xT /z, andû = U/z. We first start with the twist-3 functions for a transversely polarized nucleon. For a detailed discussion of collinear twist-3 distribution correlators, see, e.g., [64] . Note that tri-gluon matrix elements will not enter at LO in this reaction, and so we will not discuss them here. In the lightcone gauge with A + = 0 we have the so-called "F-type" and "D-type" correlators [3] ,
1 A precise relation betweeng(x) and g1T (x, k 2 ⊥ ) will be stated in Sec. 2.
where M is the nucleon mass, and ǫ µν ⊥ ≡ ǫ −+µν with ǫ 0123 = +1. We refer the reader to Ref. [45] for the symmetry properties of and relations between these F-type and D-type functions. One also needs the functiong(x),
We mention thatg(x) is equivalent to the first k ⊥ -moment of the TMD function g 1T (x, k 2 ⊥ ) (defined in [65, 66] ) [64] ,g
The last function required is g T (x), given by [67] dξ − 2π
It turns out that g T (x) can be related to the D-type functions through the QCD equation of motion (EOM) [2, 38] ,
and to G DT (x, x 1 ) and the helicity distribution g 1 (x) (defined in, e.g., Ref. [38] ) through a Lorentz invariance relation (LIR) [23, [68] [69] [70] [71] ,
where ξ = (x − x 1 )/x, and we understand 1/ξ to mean P V (1/ξ). We next look at the twist-3 fragmentation functions (FFs) for an outgoing unpolarized hadron. (Note that tri-gluon FFs only enter with transversely polarized hadrons.) In the lightcone gauge with A − = 0 one also has F-type and D-type functions,
where M h is the hadron mass. We remark that these functions contain both real and imaginary parts, which we respectively indicate byĤ
. We refer the reader to [32, 36] for relations between the F-type and D-type functions. One also needs the functionĤ(z),
We mention thatĤ(z) is equivalent to the first p ⊥ -moment of the TMD Collins function H ⊥ 1 (z, z 2 p 2 ⊥ ) (first considered in [72] ) [25, 32, 73] ,
The last two functions required are H(z) and E(z), given by [67]
It turns out H(z) and E(z) can be related to the imaginary part and real part, respectively, of the D-type function through the QCD EOM,
With the relevant twist-3 functions for this reaction now in hand, we proceed to the derivation of the double-spin dependent differential cross section dσ LT (λ ℓ , S ⊥ ). This will be used to calculate A LT , defined as
where + (−) indicates a lepton with positive (negative) helicity, ↑ x (↓ x ) designates a nucleon with transverse spin along the +x (−x) -axis, and dσ unp is the unpolarized cross section. For the distribution term, the calculation follows along the lines of Refs. [43] [44] [45] . Specifically, one can modify the computation of the′ →′ channel in p p ↑ → h X [45] to take into account the fact that photons do not carry color. The result reads
where α em is the fine structure constant, e q is the (anti)quark charge with q indicating a sum over both quarks and antiquarks, x = −(U/z)/(S + T /z), and z min = −(T + U )/S. We mention that one can obtain the cross section for ℓ N ↑ → jet X [43] from our result by making the replacement
. 2 Moreover, we performed our calculation in both lightcone gauge and Feynman gauge as well as in two different frames (lepton-nucleon cm and nucleon-hadron cm) and found full agreement with Eq. (17) in all cases. We note that in order to show the frame-independence of the result, it was crucial to use the LIR (8) as well as recognize that in the nucleon-hadron cm frame, a contribution from g 1 (x) survives the asymmetry (since A LT in (16) is defined with the transverse spin of the nucleon S ⊥ in the lepton-nucleon cm frame). We discuss this equivalence between results in two different frames more in Appendix A. For now we write down that version (i.e., using Eq. (8) in (17)) of the formula here, as it will be useful in our numerical study presented in Sec. 3:
We now move on to the computation of the fragmentation piece. This term has been calculated in the collinear twist-3 approach for the transverse SSA in p ↑ p → h X [25, 32] , SIDIS [34, 73] , and ℓ p ↑ → h X [49] , where one has the transversity distribution h 1 (x) (defined in, e.g., Ref. [38] ) coupled toĤ(z), H(z), andĤ ℑ F U (z, z 1 ). For the longitudinal-transverse case, one still has h 1 (x) entering on the side of the transversely polarized nucleon. However, since we are considering a longitudinally polarized lepton, the relevant part of the leptonic tensor is purely imaginary, which brings an extra factor of i into the derivation. Consequently, the functionsĤ(z), H(z), andĤ ℑ F U (z, z 1 ) do not contribute since the hadronic factors from these functions are purely real. Therefore, one only has terms involving E(z) andĤ ℜ F U (z, z 1 ). 3 We find that through the QCD EOM relation (15) the entire result for the fragmentation term can be written in terms of E(z),
As with the distribution term, we computed the fragmentation term in both lightcone gauge and Feynman gauge and in two different frames -in all cases we obtained Eq. (19) . Note that the frame-independence of the fragmentation term is manifest without the need for a LIR.
Numerical results for A LT
Here we present some numerical results for A LT in e N ↑ → π X, where N = p, n. We will only look at the distribution piece and use the form for this term given in Eq. (18) . Therefore, we need LO input for the non-perturbative functions D 1 (z),g(x), g T (x), and g 1 (x). For D 1 (z) we use the DSS parameterization [79] and for g 1 (x) we take the GRSV fit [80] . Forg(x), we look at two scenarios: i) using the approximate relationg (x) = g
1T (x) ≈ −f
where the first equality was stated in Eq. (5), and we take the Sivers function from [81] ; and ii) using a WW-type approximationg
3 One could pick out the poles ofĤ ℑ F U (z, z1) to produce another factor of i from the hadronic side. However, the partonic pole matrix elements for such functions have been shown to vanish [74] [75] [76] , which also follows from the universality of the Collins function [73, 77, 78] which was also used in Refs. [43, 57, 58] and holds relatively well in certain models, like the quark model considered in Ref. [61] . In both cases for g T (x) we use the WW approximation [82] ,
A few more comments are in order about the formula in Eq. (20) . This relation is an approximation that can be roughly motivated by comparing g
1T (x) in Ref. [61] to f
⊥(1)
1T (x) in Ref. [83] . Also, even though the magnitudes of the "worm-gear" and Sivers functions are not the same, according to a large-N c analysis [84] , one has g u 1T = −g d 1T and f ⊥u 1T = −f ⊥d 1T . Therefore, the behavior of f ⊥ 1T qualitatively mimics that of g 1T , and we believe (20) is a worthwhile case to look at for this exploratory numerical study.
Here we give results for HERMES (Fig. 1 ), JLab6/JLab12 (Fig. 2) , COMPASS (Fig. 3) , and EIC (Figs. 4, 5 ) kinematics as functions of x F and/or P h⊥ . 4 We fix a lepton-nucleon cm frame as described below Eq. (1), with A LT defined as in (16) . The "Sivers" curves are found using Eq. (20), whereas the "WW" curves come from using Eq. (21) . One immediately notices that in all the plots the Sivers and WW curves can be quite different and sometimes not even have the same sign. This is due to the fact thatg d/p (x) is much smaller in the WW scenario than in the Sivers scenario, whilẽ g u/p (x) is similar for the two cases (see Fig. 6 ). 5 Thus, for a proton target (see Figs. 1, 3-5 ) one finds A LT for π + production is similar (at least of the same sign) for the WW and Sivers scenarios, while for π − production the two cases are not alike and do not even have the same sign. This occurs because in the WW scenario, the smallness ofg d/p (x), along with the weight of 1/9 from the down quark charge (squared), allows the up quark contribution (even though it contains a disfavored FF) to "overcome" the down quark term and make A LT positive. However, in the Sivers case,g d/p (x) is of similar magnitude (but opposite in sign) tog u/p (x), so one obtains a negative A LT for π − production (compared to a positive asymmetry for π + ). For the neutron, one can make a naïve argument on what to expect for A LT based on isospin relations, quark charge (squared) weights, and the relative sizes ofg(x) for down and up quarks and D 1 (z) for favored and disfavored fragmentation. For the Sivers scenario, one finds both π + and π − are driven byg u/n (x). Thus, both have the same sign, but with π − smaller in magnitude due to a factor of the disfavored FF. For the WW case, A LT for π + is also driven byg u/n , while for π − the asymmetry is mainly due tog d/n (x). As a result, the former has the same sign as the Sivers case, while the latter has the opposite sign (see the left panel of Fig. 2 ). However, this argument can be spoiled by the kinematical dependence of the cross section and the fact that for the neutron target one has a non-negligible contribution from g 1 (x) (see the right panel of Fig. 7) , as seen in the right panel of Fig. 2 . Therefore, one has to take into account the details on the experiment before making any definite statements on what to expect from the WW and Sivers scenarios. In general, one also has to keep in mind that for the Sivers input there are errors [81] and the "range" spanned by different Sivers curves could give an improvement in the agreement one finds with the WW scenario.
Overall, measurements of A LT in this reaction might help distinguish between the two scenarios considered here, where even the sign of the asymmetry could give a first indication on the form of g(x). It was already found in quark model calculations that the WW-type approximation in Eq. (21) should be a decent approximation to the full function [61] . Experiments should help to confirm/refute this. Should the magnitude of the data be significantly different from our numerical predictions, one might conjecture that quark-gluon-quark correlations in the nucleon and/or twist-3 fragmentation effects (i.e., Eq. (19)) are important. On the other hand, if one finds results comparative to ours, then such effects could be excluded. This could then allow for a "clean" extraction ofg(x), due to the g 1 (x) + g T (x) piece being extremely small for a proton target and the g T (x) contribution (for the x (left) and x 2 g 1 (x) vs. x (right) at a scale µ = 2 GeV for down and up quarks in a proton. Forg(x) we give both the WW and Sivers scenarios, while g 1 (x) is the same in both cases. We multiply g 1 (x) by x 2 instead of x since this function appears in the cross section (18) with a factor of x compared tog(x). Note that x 2 g T (x) vs. x is identical to the xg(x) plot in the WW scenario.
most part) being negligible for a neutron target (see Fig. 7 ). Moreover, one has the best chance make such an extraction using data from HERMES, JLab, and COMPASS since once one moves towards a higher cm energy (i.e., an EIC), the asymmetry becomes very small (see Figs. 4, 5) , which was also seen in A LT in jet production [43] . However, as was emphasized in Ref. [49] , at the relatively low P h⊥ of HERMES, JLab, and COMPASS, due to quasi-real photoproduction, one would most likely need a next-to-leading order (NLO) calculation to make any rigorous quantitative conclusions.
Summary
In this paper we have analyzed the longitudinal-transverse double-spin asymmetry in single inclusive leptoproduction of hadrons within the framework of collinear twist-3 factorization. Both HERMES and JLab Hall A are expected to have results on this observable, and this effect can also be measured at COMPASS and a future EIC. We provided an analytical result for the double-spin dependent cross section, including both the distribution and fragmentation terms, as well as a phenomenological study of the former using known non-perturbative inputs. For A LT we looked at two scenarios for the twist-3 functiong(x): a "Sivers" input and a "Wandzura-Wilczek" input. We found that these two cases can give quite different results due to the different behavior ofg(x). Thus, even a qualitative comparison of our predictions with experiment could help distinguish between the Sivers and WW scenarios. Moreover, if the magnitude of the data is in line with our results, one could have direct access to the "worm-gear"-type functiong(x), which plays a role in certain azimuthal asymmetries in SIDIS and has gained interest over the years. If the magnitude is not in agreement, this observable could give insight into the importance of quark-gluon-quark correlations in the nucleon and/or twist-3 fragmentation effects in unpolarized hadrons. However, one always has to keep in mind the potential (18) for HERMES (left) and JLab6 (right) kinematics. These plots correspond to the left panels of Fig. 1 and Fig. 2 , respectively, for π + production in the WW scenario. Similar conclusions hold for π − and the Sivers case, with the exception that at JLab6 kinematics for π + production in the Sivers scenario, thẽ g(x) term dominates at low P h⊥ , and for π − production in that same case, the g T (x) piece at low P h⊥ is somewhat comparable to the other terms.
large impact of NLO terms. In general, we found the best chance to measure a nonzero asymmetry is at HERMES, JLab, and COMPASS, as the high cm energy of an EIC leads to a very small effect. We expect this conclusion to be rather robust upon including higher order corrections.
(8) in our formula (23), we can eliminate the 3-parton correlator to obtain
We now demonstrate how the cross section (24) leads to the same result in the two frames. In the lepton-nucleon cm frame, one has n µ = l µ /(P · l), whereas in the nucleon-hadron cm frame, one has n µ = P µ h /(P · P h ). The scalar products in Eq. (24) can be written as
n · S n= P h
Note that the scalar product l · S in the lepton-nucleon cm frame does not contain S ⊥ . Therefore, any term proportional to l · S will not survive the asymmetry (16), so one can ignore such pieces. From these relations, the frame-independence of the cross section becomes manifest. That is, the expression in Eq. (24) can be evaluated in the lepton-nucleon cm frame by means of Eq. (25) or in the nucleon-hadron cm frame by means of Eqs. (26)- (28) . In either case, one easily sees the same hard scattering coefficients show up for each function, which leads to the result in Eq. (18) .
